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Abstract
We discuss motions of extended bodies in Kerr spacetime by using Mathisson-Papapetrou-Dixon
equations. We firstly solve the conditions for circular orbits, and calculate the orbital frequency
shift due to the mass quadrupoles. The results show that we need not consider the spin-induced
quadrupoles in extreme-mass-ratio inspirals for spatial gravitational wave detectors. We quanti-
tatively investigate the temporal variation of rotational velocity of the extended body due to the
coupling of quadrupole and background gravitational field. For generic orbits, we numerically in-
tegrate the Mathisson-Papapetrou-Dixon equations for evolving the motion of an extended body
orbiting a Kerr black hole. By comparing with the monopole-dipole approximation, we reveal the
influences of quadrupole moments of extended bodies on the orbital motion and chaotic dynamics
of extreme-mass-ratio systems. We do not find any chaotic orbits for the extended bodies with
physical spins and spin-induced quadrupoles. Possible implications for gravitational wave detection
and pulsar timing observation are outlined.
∗ wbhan@shao.ac.cn
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I. INTRODUCTION
The geodesic motion of test particles orbiting central gravitational bodies has been studied
one hundred years since the birth of general relativity. The test particle approximation is
the most simplified one: omitting spin, structure and gravitational self-force of the small
bodies. The geodesic motion of test particles is quite important in revealing the space-time
property of central black holes, and also useful in celestial mechanics and astrophysics if
the mass m of the small body is very small comparing with the one (M) of central black
hole. For example, by observing the S stars near the central black hole of our Galaxy, one
can test general relativity and determine the physical parameters of the black hole [1]. The
extreme-mass-ratio inspirals (EMRIs) (compact stars with stellar mass like as white dwarfs,
neutron stars or black holes orbiting supermassive black holes) are very important sources
for the spatial gravitational wave (GW) detectors such as eLISA[2], Taiji[3] and Tianqin[4].
However, if the mass-ratio m/M ∼ 10−5, a few literature have shown that one should at
least consider the dipole approximation (spin) to replace the test particle one [5–9].
The study of extended bodies in general relativity was pioneered by Mathisson, Papa-
petrou and Dixon et al. [10–17], the equations of motion now are known well as Mathisson-
Papapetrou-Dixon (MPD) equations. The MPD equations describe the motion of an ex-
tended body with spin and arbitrary mass-multipoles in curved space-time. However, the
MPD equations are not in closed forms. One needs a normalization condition and a spin
supplementary condition to get a velocity-momentum relation. An early work was done by
Ehlers and Rudolph [32]. Recently, Xie and Kopeikin gave a canonical relation in the scalar-
tensor theory [33]. Obviously, the trajectory of extended body deviates from the geodesic
motion of the test particle because of the highly nonlinear Papapetrou force. A lot of liter-
ature have studied on the dynamics of spinning particles orbiting black holes, for example,
revealing the orbital properties and chaos of the particles with unrealistically large spins (
see [18–25] and references inside).
Considering that the quadrupole is the main part of multipoles in astrophysics and ce-
lestial mechanics, recently, several authors began to use MPD equations to research the
dynamics of extended bodies up to quadrupoles, such as extended bodies with spin-induced
quadrupoles in Schwarzschild and Kerr spacetimes [26–28], the bodies with spin- and tidal-
induced quadrupoles around Kerr black holes [29], and the ones with generic quadrupoles
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in Kerr spacetime[30]. All of these literature are based on the MPD equations. In [29], the
authors derived an effective potential and bind energy for the body moving on the equatorial
plane of a Kerr black hole, and they also compared their results with post-newtonian Hamil-
tonian in extreme mass ratio situations. Bini and Geralico studied the equatorial motion
of extended bodies with a general quadrupole tensor [30]. Bini et al. also studied the role
of spin-induced quadrupole in the equatorial motion around Schwarzschild and Kerr black-
holes [26, 27], they studied the radial effective potential and analytically determined the
innermost stable circular orbit (ISCO) shift. Most recently, Vines et al. derived a canonical
Hamiltonian for an extended spinning test body in a curved background spacetime.
Most of the above works tried to give some analytical results based on small spin or post-
Newtonian approximation, and the analytical and numerical calculations were limited on
the equatorial motion (2D orbit). In the present paper, for the extended bodies orbiting the
Kerr black holes, we give a closed form of the momentum-velocity relation, and then some
numerical values of orbital frequencies of the simplest but the most important case: circular
orbits. The magnitudes of frequency differences decide if we need consider the spin-induced
quadrupoles in the GW templates for the low frequency GW detectors or not. We constrain
the orbits on the equatorial plane to study the relation between rotating velocity and orbital
radius of the small body. We then scan the parameter space to demonstrate the generic orbits
of the extended bodies with artificially large spins and quadrupoles by numerical integration
of the MPD equations. Specially, we study the influence of quadrupoles on the appearance
of chaotic orbits. For the first step of a series of researches, in this paper, we assume that
the quadrupoles are only induced by the spins. From the numerical results, we conclude if
or not the chaos can happen for physical spins and quadrupoles.
Through this paper, we use units where G = c = 1 and sign conventions (−,+,+,+).
The time and space scale is measured by the mass of black hole M , energy and the linear
momentum of particle are measured by its mass m, the angular momentum and spin by
mM .
II. MATHISSON-PAPAPETROU-DIXON EQUATIONS
Mathisson and Papapetrou gave the pole-dipole approximation description for spinning
particles [10, 11], and Dixon extended it to arbitrary multipole moments [17]. Now these
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equations are called as MPD equations for the motion of extended bodies in general relativity.
The equations are written as:
p˙µ = −1
2
Rµναβυ
νSαβ − F µ, (1)
S˙µν = 2p[µυν] + F µν , (2)
where dot means covariant differential, pµ = muµ is the total momentum, Sαβ the anti-
symmetrical spin tensor, m the dynamical mass, υµ = dxµ/dτ the kinematical four-velocity,
τ an arbitrary affine parameter, and when taking up to the quadrupole, we have
F µ ≡ 1
6
Jαβγσ∇µRαβγσ, (3)
F µν ≡ 4
3
Jαβγ[µR
ν]
γαβ, (4)
where Jαβγσ is the quadrupole tensor.
The above equations are not in closed forms. The center of mass of the extended body and
the affine parameter τ should be decided by two supplementary conditions. To determine the
center of mass, the popularly adopted supplementary condition is uνS
µν = 0 [12, 31] which
is also used in this paper (sometimes υνS
µν = 0 is adopted in few literature, see Ref. [24] for
a comparative discussion). The orthogonal condition uµυµ = −1 is employed to determine
the parameter τ . This condition was given in [32] and was used by most researchers such as
[26–30, 33]. Generally, the dynamical mass m is not a constant, and can be determined by
pµpµ = −m2. Based on the former definitions, it yields uµuµ = −1. Following the similar
procedure in [19] for the spinning test particles, from Eq. (2), we have
pνS˙
µν = m2υµ −mpµ + F µνpν , (5)
and
υν = m−2(pµS˙µν +mpν − F µνpµ). (6)
Taking Eq. (6) to (1), and times Sσµ we have
2m2p˙µS
σµ = −mRµναβpνSσµSαβ −RµναβpδS˙νδSσµSαβ +RµναβF νδpδSσµSαβ − 2m2FµSσµ.
(7)
Using
RµναβS
νδSσµ = −1
2
RµναβS
σδSµν , (8)
p˙δS
νδ = −pδS˙νδ, (9)
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together with Eq. (5), finally we get the relation between the four-velocity and the linear
momentum:
m2υσ = mpσ − F σνpν + 2mRµναβp
νSσµSαβ − 2RµναβF νδpδSσµSαβ + 4m2FµSσµ
4m2 +RµναβSµνSαβ
. (10)
The above equation is equivalent with the relation (2.17) given by Ehlers and Rudolph [32].
However, our relation may be more convenient for practice because the geometric quantities
involved are only metric and Riemann curvature tensor. One can choose υµυµ = −1 to
make the τ as the proper time, and obtain the kinematical mass m¯ ≡ pµυµ (usually m¯ 6= m,
see [29] for details). In the present paper, we adopt the orthogonal condition uµυµ = −1
(following Ehlers and Rudolph), then m = m¯, from which calculations are simplified and
get the explicit relation (10).
III. CIRCULAR ORBITS ON EQUATORIAL PLANE
The circular orbits are very important when we discuss the motion around black holes. For
example, by observing orbital frequency from GW signals or pulsar timing, one can determine
the spin and quadrupole values of the compact objects, then constrain the equations of
states of them. For the test particles, there is a simple but exact expression for determining
circular orbits. For pole-dipole approximation, the case becomes complicated, the expression
is quite long but still acceptable [6, 20]. However, when considering the extended bodies,
we numerically solve out the circular condition. Numerical solving is easier and accurate,
though in principle, one can also find out a very complicated analytical solution.
A. Initial data determination
Based on the analysis in [29], the circular orbits request υr = ur = 0, υθ = uθ = 0 and
two other conditions with given radius r:
utut + u
φuφ = −1; p˙r(ut, uφ) = 0 , (11)
where dot means d/dτ . From these constraints one in principle can give analytical expres-
sions of the initial conditions for ut, uφ and orbital frequency Ωφ. However, the expressions
are too long for conveniently using. It is more convenient to search the roots of Eqs. (11) nu-
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merically. For example, in this paper, we find out the solution of Eqs. (11) with Monte-Carlo
root finder routine by setting an error less than 10−15.
It is useful to introduce the spin vector Sµ,
Sµ = −1
2
µναβu
νSαβ . (12)
The only nonzero component of spin for circular orbits is Sθ. The inverse transformation is
Sµν = µναβuαSβ, (13)
where µναβ = εµναβ/
√−g is a tensor and εµναβ the Levi-Civita alternating symbol (ε0123 ≡
1, ε0123 ≡ −1).
A spin magnitude S can be introduced as
S2 = SµSµ =
1
2
SµνSµν . (14)
we then have Sθ = −S/√gθθ. As a result, we have only 4 nonzero components of the spin
tensor for circular-equatorial orbits, i.e.
Str = −Srt = −Suφ/r, Srφ = −Sφr = −Sut/r . (15)
Taking these quantities into the nonlinear Eqs. (11) of ut, uφ, then using the Monte-Carlo
root-finder method, we can solve out ut, uφ with errors less than 10−15 and then υt, υφ for
the circular orbits. Numerical simulation shows that the initial data we got keep the circular
orbits with machine precision.
B. Orbital frequency
The orbital frequency is defined as Ωφ ≡ dφ/dt = vφ/vt. The main frequency of GWs
radiated from the circular motion, is the double of orbital one. In [6], we have shown that
for spin ∼ 10−5, the frequency difference due to spin still need to be considered in GW
detections. Now let’s see if the effects of quadrupoles are considerable or not. For the first
step, we assume that the quadrupoles are induced by spin only, from [27] we have
Jαβγδ = 4u[αχ(u)β][γuδ] , (16)
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with χ(u) = 3
4
CQ
m
[SαγS βγ ]
STF where CQ is a polarizability constant. “STF” means symmetrical-
trace free part of a tensor, i.e.,
[SαγS βγ ]
STF = SαSβ − 1
3
S2P (u)αβ , (17)
where P (u)αβ ≡ gαβ + uαuβ is the projection operator. The values of CQ associated with
compact objects are given, e.g., in Ref. [34]. The normalization is such that CQ = 1 in the
case of a black hole [35], whereas for neutron stars CQ depends on the equation of state and
varies roughly between 4 and 8 [36].
In Fig. 1, we draw the values of Ωφ(CQ 6= 0) − Ωφ(CQ = 0) as a function of CQ with
the different S and rcirc for the extreme Kerr black hole. We can do a simple estimation for
the dephase due to this frequency shift. In a highly relativistic regime, the large mass-ratio
binaries inspiral about M/m cycles, with the typical orbital frequency of O(10−2 1
M
), then
the dephase is estimated as
∆φ ∼ ∆ΩφM
m
2pi
Ωφ
. (18)
In our normalized units, the spin parameter S is measured in terms of mM , not m2. The
system we consider in this paper is a compact extended body of mass m orbits a large body
of mass M . The mass-ratio m/M must  1 to make sure we can omit the gravitational
self-force of the small body and then the MPD equations maintain valid. If the small one
is a black hole, we know that a maximally spinning black hole of mass m has spin angular
momentum m2. Therefore for a small black hole m orbiting a large black hole of mass M ,
the spin parameter S ∼ m2/(mM) = m/M  1. For neutron stars and especially white
dwarfs, the situation becomes more complicated. Based on the detailed analysis in Ref. [21],
in all cases, the realistic S should  1.
In Fig. 1, we can see clearly that for the physical spin (S < 10−2) of large mass-ratio
systems, the frequency shifts are too small to be considered. As a reference, the values of
orbital frequencies are listed in Table I.
Obviously, the differences of frequency depend on the values of spin and CQ. |∆Ωφ/Ωφ|
will be increased with the increase of S and CQ. We find that it is almost a linear relation
between |∆Ωφ/Ωφ| and CQ. This linear relation does not be revealed intuitively in Fig. 1,
because we use a log plot. However, the frequency shift due to a fixed CQ is a function of
orbital radius. From Fig. 2, when rcirc is large enough, the influence of quadrupole on orbital
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FIG. 1. The orbital frequency shifts of extended bodies circularly orbiting an extreme Kerr black
hole (a = 1). The above panels show the results of aligned spin cases (S > 0), and the bottom
panels the ones of anti-align spins (S < 0). The orbital radius in the left (right) panels is rcirc = 2
(6). All the lines with red, blue, pink, green, black and yellow represents S = 1, 0.1, 10−2, 10−3,
10−4 and 10−5 respectively.
TABLE I. The orbital frequency Ωφ of extended bodies while rcirc = 6 and a = 1. Attend that the
numbers in the table need multiply 10−2.
S −10−3 −10−4 −10−5 10−5 10−4 10−3
CQ = 0 6.371029346056 6.370705074859 6.370672652106 6.370665447158 6.370633025376 6.370308851228
CQ = 1 6.371029412349 6.370705075522 6.370672652113 6.370665447165 6.370633026039 6.370308917501
CQ = 4 6.371029611226 6.370705077510 6.370672652133 6.370665447184 6.370633028028 6.370309116320
CQ = 6 6.371029743811 6.370705078836 6.370672652146 6.370665447198 6.370633029353 6.370309248866
CQ = 8 6.371029876396 6.370705080161 6.370672652159 6.370665447211 6.370633030679 6.370309381412
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FIG. 2. The orbital frequency shifts of extended bodies circularly orbiting an extreme Kerr black
hole (a = 1). The left and right panels show the results for aligned spin value S = 1 and S = 10−4
respectively.
frequency become smaller while the extended body is farther from the black hole. There is
a rt where the ∆Ωφ arrives at its maximum. When rcirc is smaller than rt, ∆Ωφ decreases
to zero at first and then becomes negative. After the zero point, the absolute value of ∆Ωφ
is larger and larger while the body is closer and closer to the black hole. The details can be
found in Fig. 2.
IV. GENERIC ORBITS
For generic orbits in three dimensions, there are total 12 orbital parameters need to be
given as the initial data at the beginning: xµ, uµ, Sµ. Considering existing five constants or
conservations, we have 7 orbital parameters left to be set. Usually, we choose the following
initial conditions of the particle: t0, r0, θ0, φ0, u
r
0 or u
θ
0, and S
r
0 , S
θ
0 . The other five initial
parameters will be solved out from five conservation equations:
uµuµ = −1, (19)
pµSµ = 0, (20)
SµSµ = S
2, (21)
E = −pt + 1
2
gtµ,νS
µν , (22)
Lz = pφ − 1
2
gφµ,νS
µν , (23)
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FIG. 3. Numerical performance of the kinematical constants of an extended body during orbital
evolution. The parameters used are: a = 1, E = 0.8837, Lz = 2.8, S = 1, CQ = 2. The body is put
at r = 6, θ = pi/2, φ = 0 and pθ = 0 at beginning. Here ∆S = S(τ)− S0 and so on.
TABLE II. The values of constants after numerical evolutions to τ = 104 M. All parameters are
the same with the ones in Fig. 3.
υµuµ ∆S S
µpµ ∆E ∆Lz
−1 −1.4× 10−14 1.6× 10−14 −6.9× 10−14 −1.0× 10−14
where E, Lz are the energy and total angular momentum of the body. So, giving E, Lz and
spin magnitude, together with 7 initial orbital parameters, the motion of an extended body
is fully determined. Of course, we need numerically solve the MPD equations together with
the velocity-momentum relation (10). The numerical results can be validated by checking if
the conservations and constants are maintained during the orbital evolution or not. We find
that with the condition uµυµ = −1 and the velocity-momentum relation (10), the numerical
evolution can keep all constants and constraints with very small errors (only machine random
errors in our evolution). Please see Fig. 3 and Table II for details. Therefore, we can conclude
that our numerical codes are correct and accurate enough.
A. Equatorial orbits
As we know, the dynamical mass m ≡ √−pµpµ is no longer a constant for an extended
body. The variation of mass basically depends on the variation of orbital radius. Please see
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FIG. 4. Left panel: 3D orbits of two bodies with parameters E = 0.9237, Lz = 2.8, S = 1, CQ = 2
(red) and CQ = 0 (blue). Both the two bodies are put at r = 6, θ = pi/2, φ = 0 and p
θ = 0 at
beginning (green point). Right panel: the dynamical mass of body and orbital radius.
the right panel of Fig. 4 for visualization. In the left one of this figure, we demonstrate
the 3D trajectories of two particles with the same initial data and parameters but one with
CQ = 2 and the other CQ = 0. We can see these two trajectories are totally separated after
a short evolution. The mass of the extended body varies very sharply when it pass through
the perihelion. Considering the variation of mass mainly depends on the orbital radius, we
constrain the orbits on the equatorial plane to do a detailed research.
For the equatorial orbits, the only nonzero component of spin vector is Sθ = −S/√gθθ,
and the particle should be constrained on the equatorial plane with υθ = pθ = 0, but without
p˙r = 0 at beginning. In this case, the dynamical mass have a direct relation with the orbital
radius. We find that for a certain equatorial-eccentric orbit, the mass increases when the
orbital radius becomes larger. When the particle is at the perihelion (aphelion), the value
of m is minimal (maximal). The variations of m and r share the same period.
Considering the total spin length S is a constant, and S has the dimension of angular
momentum. Assuming the radius of body as a constant, s ≡ S/m is proportional to the
rotating angular velocity of the extended body. It means that the rotating velocity is going
to its maximum value when the particle is approaching the perihelion. In Fig.5, we draw
temporal variations of s (s0 in this figure means initial value of s) and r for the particles with
different semi-latus rectums p and eccentricities e in the cases of physical spin magnitude.
We find that for the same semi-latus rectums, the orbit with larger eccentricity will produce
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FIG. 5. Variations of the rotational velocity and orbital radius along evolution time. Top-left
panel: p = 8M , e = 0.2, S = 10−4 and CQ = 6; top-right panel: p = 100M , e = 0.2, S = 10−4 and
CQ = 6; middle panels: p = 10M , e = 0.5, CQ = 6 S = 10
−4 (left) and S = 10−5 (right); bottom
panels: p = 20M , e = 0.9, CQ = 6 S = 10
−4 (left) and S = 10−5 (right).
stronger change of rotational velocity. Obviously, the temporal change of m or s is also
directly positive correlation with the value of CQ. This point is too intuitive to need figures
for demonstration.
This mechanism probably makes sense in the pulsar timing observations. The secular
stability of some milli-second pulsars is better than atomic clocks on the Earth. The mea-
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surement accuracy for the rotational period of pulsars nowadays is incredible good, and the
(one sigma) uncertainty can be less than 10−15 for the certain pulsars [37]. If the extended
bodies are pulsars, the variation of spin S/m in Fig. 5 with different orbital parameters in
principle can be measured from the pulsar timing observations. Let’s see the corresponding
astrophysical systems in Fig. 5 . We assume a milli-second pulsar with spin period just 10−3
s and mass 1.4 Msun, then
S
mM
' 2
5
R2
M
ωNS ' 2
5
(6.67)2M2sun
2pi
10−3 × 2× 105MsunM ∼ 10
−4,
if the mass of central black hole is about 5000 ∼ 104Msun. The orbital periods are as short
as a few minutes. In this estimation, we take the radius of pulsar as 10 km. If M is less
than 1000 Msun, then S of the orbiting pulsar can achieve 10
−3 order. The mass-ratios of
these systems are around 10−3 ∼ 10−4, therefore the MPD equations still work though the
gravitational self-force corrections are not under consideration.
Unfortunately, until now we have not yet found such kind of pulsar systems with so small
mass-ratios and so short orbital periods. The above analysis is theoretical and idealized.
We hope that the upcoming FAST telescope and SKA will find this kind pulsar-massive
blackhole binaries [38]. The mechanism of periodic variation in s revealed in this paper
may be used to test gravitational theory and constrain the parameters of the pulsars. For a
wonderful review of testing relativistic gravity with radio pulsars, please see [39].
B. Complex 3D orbits
For the 3D orbits, the situation becomes very complicated. We can not set in advance the
orbital configurations such as p, e and maximum inclination ϑ to solve the initial data. As we
have shown in Fig. 4, the quadrupole strongly changes the trajectory. The two trajectories
and orbital shapes are totally different just after a short evolution. It is easy to understand
such a phenomenon, once CQ 6= 0, the complexity and nonlinearity of MPD equations (1,2)
are increased greatly due to the coupling of quadrupole and curvature comparing to the
pole-dipole cases.
There are too many issues can be studied for revealing the effects of the quadrupole. In the
present paper, we focus on two issues: orbital stability and chaos. For the first one, we find
that the stable orbits of extremely spinning particles may become unstable after changing
13
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FIG. 6. Stable orbit zone of spinning extended bodies with S = 1 orbiting a Kerr black hole with
a = 1. The red rectangle is the scanning area, and the green points label the stable orbits. From
left to right, top to bottom, CQ = 0, 1, 4, 8 respectively.
CQ = 0 to a nonzero value. With a larger CQ, the possibility of orbital destabilization also
goes larger. We scan the parameters E from 0.86 to 0.96, and Lz from 2.0 to 3.5 with variable
Sr0 , S
θ
0 and r0. The scanning results shown in Fig. 6 clearly demonstrate the decrease of
stable orbit zone due to the quadrupole parameter CQ. From the bottom-right panel of Fig.
6, we can find that in the zone with low energy and angular moment, for bodies with S = 1
and CQ = 8 (maximum estimation of neutron stars), no stably bounded orbit is found. The
orbits with lower energy usually means closer to the central black hole. In other words,
neutron stars with larger quadrupoles, can not stably orbit the gravitational center as close
as the spinning particles or spinning black holes (which CQ = 1) with the assumption of
unphysical spin values.
However, the obvious influence of the quadrupole on the orbital dynamics can only happen
in the case of unphysical spin values. As we have shown in the section III, because we
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currently only consider the spin-induced quadrupole moment, the quadrupole effect is quite
small when the spin takes physical value ( < 10−2) for the extreme-mass-ratio binaries.
The other interesting issue is the chaos. For the test particles, there are definitely no
chaotic orbits because of the integrability of the geodesic equations in the Kerr spacetime.
However, a lot of authors have shown that the orbits of extremely spinning particles in the
Schwarzschild or Kerr spacetime can be chaotic (see [21, 22, 25] and references inside). One
should attend that until now no researchers found chaos for a physical spin value. After many
deep searching, Hartl concluded that he find virtually no chaos for spin values below S = 0.1.
Now, when taking into account the quadrupoles, we will see if or not the quadrupoles have
influence on the chaos. Especially, if or not the quadrupoles can make chaos happens in
the case of physical spin values. Theoretically, CQ 6= 0 makes the dynamical system more
complex and nonlinear, and will be helpful for chaos happening.
The tool we adopted for fast searching parameter space to find the chaotic orbits is
the fast Lyapulov index (FLI) which was firstly introduced by Froeschle´ et al. [40, 41].
The advantage of FLI is that it need not to be computed until to convergence. Wu et al.
introduced the calculation of FLI in curved spacetime [42]. We have successfully used FLI
to detect chaos in a previous work [25]. For spinning test particles, no one found chaos
when S < 0.1. However, in the case of extended bodies with quadrupoles, we easily find a
lot of chaotic orbits when spin S = 0.09 and CQ = 8. In the top-left panel of Fig. 7, we
demonstrate the different behaviors of FLI in chaotic and non-chaotic orbits with S = 0.09.
After an enough evolution, FLIs of chaotic orbits increase very fast (exponential) in contrast
with the regular ones. We also draw the Poincare´ sections for the both two orbits. It is
clearly to find that the quadrupole breaks the regular orbit to a chaotic one.
In [43], they used a critical value of FLI to identify the chaos and regularity. In this
paper we decide to adopt the same critical value we used in [25], i.e., at the end of orbital
evolution (t reaches 5×104M), if FLI is less than 6, we conclude that the orbit is regular (be
careful that this is not a very rigorous identification). In Fig. 8, values of FLIs of variable
initial angles of spin vectors are plotted. The orientations of spin vectors are presented in
the observer’s local orthonormal space triad, see [19] for details. The scanning results tell us
there are still a few of chaotic orbits (FLIs > 6) even for S = 0.05 with CQ = 8. However,
when S reduces to 0.01, no chaotic orbit can be found (FLIs < 6). So, we can cautiously
conclude that no chaos can happen when S < 0.01 even for CQ = 8 (the maximal estimation
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FIG. 7. Top-left: FLIs of the chaotic orbit (red) and regular one (blue); Top-right: Poincar´e
sections; bottom: trajectory of chaotic orbit. The Kerr black hole has a = 1, the small body:
S = 0.09, E = 0.84 and Lz = 1.75. For the chaotic case, CQ = 8, and initial spatial coordinates
are (2.5, pi/2, 0), initial momentum (2.3802, 0.2657, 0.04, 0.4531) and initial spin vector (0.0952,
0, 0, 0.0458). The orbit has p ≈ 1.91, e ≈ 0.58.
for neutron star). In one word, we have found chaos in the cases of 0.01 < S < 0.1 for spin-
induced deformed bodies, previously no chaos was found for spinning test particles with
S < 0.1.
Therefore, we believe that there is no chaotic orbits for the realistic extreme-mass-ratio
binaries. However, this conclusion valid only for the cases in which the quadrupoles are
spin-induced. It should be very interesting to include the tidal-induced quadrupoles in the
next work. However, with spin-induced one, we have succeeded finding chaos for smaller
spin magnitude than the previous literature.
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FIG. 8. Scanning results of FLI for S = 0.05 (left panel) and S = 0.01 (right panel) with the
quadrupole parameter CQ = 8.
V. CONCLUSIONS AND DISCUSSIONS
Large mass-ratio compact binaries are very important sources for the low frequency GW
detectors. Dynamical model without enough accuracy for systems of such kind will cause
serious dephase of the GW templates and induce a failure of finding GW signals. Especially,
GWs from chaotic orbits can not be detected because it is hard to be predicted and modeled
accurately. At the same time, such systems which includes pulsars are interested to pulsar
timing observations and can be important tools to probe the strong field gravity and test
general relativity.
In the present paper, we derived an closed form of the relation of four velocity and
momentum from the orthogonal condition υµuµ = −1. Nevertheless, our relation in principle
has not difference with the one given by [32]. We carefully analyze the effect of spin-induced
quadrupoles on the circular orbits, and we find that for the physically allowed spin values of
EMRIs, such kind of quadrupoles can be safely omitted in the GW modeling. For eccentric-
equatorial orbits, we reveal the variation of dynamical mass vs. the orbital radius. We
then expect that the periodic variation of rotation of pulsars in such kind systems can be
measured in the future pulsar timing observations.
Finally, for the complex 3D orbits, with the help of numerical integrations, we find that
the quadrupoles will reduce stable zone of orbits in the case of artificial large spin. This is
because the CQ greatly enlarge the complexity and nonlinearity of the dynamical systems.
Based on the same mechanism, the quadrupoles will also promote the appearance of chaos
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when S < 0.1. Before this work, there is no report of finding chaos for the spinning particles
when spin is less than 0.1. However, we still did not find chaos for much smaller S (< 0.01)
if the quadrupoles are produced by the spins only. This implies that chaotic orbits may not
appear in the astrophysical EMRIs.
In one word, spin-induced quadrupoles may not have any influences on detecting GWs
from EMRIs, but do have considerable effects for pulsar timing observations of the compact
pulsar-massive black hole binaries. The later one can be used to constrain the equation of
state of neutron star and probe the strong gravity. We will continue working on this issue
by considering tidal-induced and generic quadrupoles in the next paper.
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